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f~^ , Abstract: Using the simple setting of 3D A^ = 1 supergravity, we show how the tensor 



calculus of supergravity can be extended to manifolds with boundary. We present an ex- 
tension of the standard F-density formula which yields supersymmetric bulk-plus-boundary 
actions. To construct additional separately supersymmetric boundary actions, we decompose 
bulk supergravity and bulk matter multiplets into co-dimension one submultiplets. As an 
illustration we obtain the supersymmetric extension of the York-Gibbons-Hawking extrinsic 
curvature boundary term. We emphasize that our construction does not require any boundary 
conditions on off-shell fields. This gives a significant improvement over the existing orbifold 
5^ \ supergravity tensor calculus. 

Dedicated to Julius Wess (1934-2007) 
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1. Introduction 

Supersymmetry (susy) and supergravity (sugra) were first formulated in the 1970's as field 
theories in x-space (the x-space or component approach). A tensor calculus for 4D A^ = 1 
rigid susy, with Poincare or conformal symmetries, was developed by Julius Wess and Bruno 
Zumino in their pioneering work Q. For local susy (sugra), a tensor calculus for 4D A^ = 1 
models was obtained in [0, p). At the same time, the superspace approach of Salam and 
Strathdee Q was extended to supergravity by Wess and Zumino |Q and was shown to be 
equivalent to the x-space tensor calculus approach Q. Both approaches have been used since, 
and each has its own virtues. 



In all these studies, boundary effects were mostly ignored and various total derivatives 
were simply dropped. Already in the x-space approach, one calls a Lagrangian supersymmet- 
ric if its susy variation is a total derivative. In superspace, manipulations with susy-covariant 
derivatives Da often produce total x-space derivatives which are again discarded under the 
x-space integration. One cannot do so in the presence of boundaries in x-space, which is why 
the superspace and tensor calculus approaches are not obviously extendable to a manifold 
with boundary. 

Susy models in the presence of x-space boundaries have been studied before. Boundary 
terms for open fermionic strings [0] and the Casimir effect in 4D susy theories § were among 
the first considered. (For a flavor of other models discussed over the years, see |p.) Already 
in it was argued that one needs boundary conditions (BC) to maintain (at least part of) 
susy in the presence of a boundary, and that the BC must, in turn, be left invariant under 
susy transformations (that is, form a "susy orbit" ||l^). This approach, which we will call 
"susy with BC," was used in most works on susy in the presence of boundaries. 

In a recent analysis of |1C, ^, the BC required by the Euler-Lagrange variational princi- 



ple, were considered together with the BC needed to maintain susy of the actions. The orbit 
of all BC was constructed, and the functional space of off-shell fields was defined by the set 
of all constraints. Here we take a completely opposite point of view: we develop an approach 
to rigid and local susy in which off-shell fields are totally unconstrained. 

Our approach gives classical^ bulk-plus-boundary actions that are susy (under a half of 
bulk susy) without using any BC on fields. We call our approach "susy without BC" to 
contrast it with the "susy with BC" approach used so far.^ For rigid susy, the validity of this 



approach has already been established by one of us in |13|. The key ingredient used there. 



which made the construction particularly simple, was the co-dimension one decomposition 



of (rigid) superfields |14|. In this article, we will give a first complete realization of this 
approach in the case of local susy (sugra). We restrict our discussion to a 3D space-time 
and show how the complete tensor calculus for 3D A^ = 1 local susy can be extended to 
take boundaries into account. Co-dimension one decomposition of the bulk susy multiplets 
will play an essential role in our construction. An extension of our construction to higher 



dimensions and its superspace realization will be discussed elsewhere [12|. 

Understanding supergravity on a manifold with boundary is an interesting mathemat- 
ical problem. It is also important for various physical models that have appeared in the 



past decade. Notably, the IID Horava-Witten (HW) construction |15] and the 5D Randall 



Sundrum (RS) scenario ||T^ (whose minimal supersymmetrization was achieved in fl^l)-'^ bi 
^At the quantum level, local susy is replaced by BRST symmetry, but the same approach can be followed 

^We will impose BC on symmetry param,eters, but not on fields. Of course, BC on fields follow upon 
applying the variational principle to our actions, but these BC are not needed in the proof of susy of the 
actions. Whether these BC form susy orbits llOl [ill] is a separate issue that we will discuss elsewhere ||l3| . 

^The HW and (susy) RS models are usually discussed in the "upstairs picture" (on the S^ /7,2 orbifold). 
The alternative "downstairs picture" (on a manifold with boundary) approach to these models was considered, 
for example, in |h8| and pM , respectively. Here we adhere to the "downstairs picture" description. 



these models, one starts from a (standard) bulk supergravity action and tries to construct a 
boundary action (involving, in general, additional boundary-localized fields) that makes the 
whole system supersymmetric (under a half of bulk susy, with the other half being sponta- 
neously broken by the presence of the boundary). As of now, most approaches to constructing 
such susy bulk-plus-boundary actions have relied on certain approximations. For example, 

1. the IID HW action is susy only to a certain order in the expansion parameter k?'"^ 



m 



2. the 5D orbifold supergravity tensor calculus of pO, O] relies on using standard orbifold 
"odd=0" BC which, in general, are incompatible with the BC one derives from the 



variational principle |22|; 



3. the 5D constructions of |^], which incorporate BC following from the variational prin- 
ciple, are worked out only to lowest fermi order. 

We hope that our approach, which works without any approximations or assumptions, will 
help to bring these constructions to completion. 

We base our construction on the existing tensor calculus for 3D A^ = 1 and 2D N = (1,0) 



supergravity. This tensor calculus was worked out by Uematsu [p4| , 25], following the 4D 
N = \ results of |^. In these derivations, conformal sugra plays a fundamental role, but we 
consider only Poincare sugra in this article. 

Our construction will consist of the following steps. 

First, we analyze the algebra of supergravity gauge transformations. We recall why, in 
the presence of a boundary, one can (typically) preserve only half of bulk susy, and prove that 
the restriction to this half of susy reduces the whole 3D A^ = 1 gauge algebra to the standard 
2D A^ = (1,0) gauge algebra, without imposing any BC on fields. We note that the analysis 
becomes particularly simple in a special Lorentz gauge (which is opposite to the standard 
Kaluza-Klein choice) and we adopt that gauge from then on. As a consequence, the preserved 
half of susy transformations gets modified by a compensating Lorentz transformation. 

Second, we perform a co-dimension one decomposition of the 3D supergravity tensor 
calculus. This gives, in particular, the induced supergravity multiplet that is necessary for 
constructing separately susy boundary actions. The decomposition does not rely on using 
any BC (like "odd=0" BC used in ||2^, ^) and is applicable to any hypersurface parallel to 
the boundary. 

Third, we show that on a manifold with boundary, the standard 3D F-density formula 
must be extended by the addition of a boundary A-teim. The extended F-density formula 
automatically gives bulk-plus-boundary actions that are susy (under the half of bulk susy) 
without using any BC on fields. We also write the extended F-density in terms of the co- 
dimension one submultiplets. 

To illustrate the construction, we finally apply the extended -F-density formula to the 3D 
A^ = 1 scalar curvature multiplet. This will show that the minimal susy bulk-plus-boundary 



action, with the standard 3D A^ = 1 supergravity in the bulk, does not include the York- 
Gibbons-Hawking term [^]. The latter comes as a part of a separately susy boundary action 
that one needs to add in order to relax field equations which would otherwise be too strong. 

2. Co-dimension one gauge algebra 

In this section, we will show how the 3D A^ = 1 supergravity gauge algebra^ reduces naturally 
to the 2D N = (1,0) supergravity gauge algebra on the boundary, as well as on co-dimension 
one slices parallel to the boundary. 

2.1 3D A^ = 1 gauge algebra 

The gauge transformations of the 3D A^ = 1 (off-shell) Poincare supergravity are the Einstein 
(general coordinate) transformation Se{z )j the local Lorentz transformation (5_l(A ) and 
the susy transformation SQ{e). The complete gauge algebra reads^ 

= ^EiC^Lp) + SLiXi%) + <5Q(ecomp) (2.1) 

where the composite parameters are 

e^p = 2(627^^61) + k^d^Ct' - (1 - 2 



\AB r,(- l\ ^ \^, AB I /- „,AB^ \n , c" Pi \AB , \A \UB ( -\ 

\omp = 2(e27 ei)ujN +(£27 eij'^ + c,2 OnXi + A2 c^i - (1 



xomp 

1 



-TVo xAB I \A \CB 



M, 



'-Na , I ^ \AB, 



ecomp = -(e27 ei)V'M + [C2 %ei + -^K lAsei - (1 ^ 2)J (2.2) 

with 7*^ = 7"^eyi^^. The composite parameters depend explicitly on the fields of the 3D 
supergravity multiplet (e^ , V'M, S), with e^^ being the inverse of eu^ and ujmab being 
the supercovariant spin connection (see (p.4|)). The algebra is realized on the supergravity 
multiplet itself, as well as on other 3D multiplets such as the 3D scalar multiplet ^^.i^) = 

2.2 Einstein boundary condition 

We are interested in constructing supersymmetric bulk-plus-boundary actions of the form 

S= I d^xC3+ [ (fx£.2 (2.3) 

Jm JdM 



''The gauge algebra of 4D A*' = 1 sugra was first discussed in pTI], and its closure if auxiliary fields are 
included was discussed in P, 0] . 

^Our conventions are: M, N are curved 3D indices, A, B are flat 3D indices, with decomposition M = (m, 3) 
and A = (a, 3). The 3D gamma matrices satisfy 7^7^ = j^^ + r/^^ with rj^^ = (- + +) and 7'*7^7'' = 
^ABC ^ ri^B^c ^ ^sc^A _ j^AC^B ^j^j^ ^ABC ^ ^ABC ^ q^^ spiuors are Majorana; Ip = tP'^C, C'^ = -C, 

C7 C~^ = —(7 )'^ . Einstein transformations yield S^cm — ^^dNSM + ejv 9mC^, etc.; Lorentz and susy 



transformations are given in (3.6), (3.1) and (3.32) 



For notational simplicity,^ we choose the coordinates x*^ in such a way that the boundary dAi 
is at x^ = and that x^ > in the bulk A^. The boundary has coordinates x™' = {x^^x"^). 
Under Einstein transformations, £3 is assumed to be a density, 6^C^ = 5m ('^^^^^3), so that 



5^S= / d'x\ -eC^ + h^2] (2.4) 

JdM ^ ' 

The standard way to achieve b^S = is to impose a BC on the Einstein parameter, 

e ^^ (2.5) 

and take £2 to be a density under the induced Einstein transformations, ^^£2 = dm{(,™'^2)- 
(We assume that the total dm derivative integrates to zero on the boundary.) In principle, 



one could investigate other ways to achieve 5^S = without imposing the BC (2.5). In this 
article, however, we will assume that this BC on the parameter ^ has to be imposed. 

2.3 The unbroken half of bulk susy 



Consistency of the gauge algebra ( p7L| ) with the BC (^) requires |T^ 



dmp'=0 ^ (627^6i)e/ ^^ (2.6) 

It is convenient to choose a special Lorentz gauge, ^ 

^ ' (2.7) 



Ca^ = => ej' = 



both on dM and in M.. (We shall later comment on the case when one does not impose this 

"3 



gauge.) As e,^ is non-zero, the BC (|2.6D now reduces to a field- independent requirement 



627^ei '= (2.8) 

Introducing projectors P± = |(1 ± 7^) and defining e± = P±e, we solve this BC by imposing 
(without loss of generality) the following BC on the susy parameter e, 

e_ = 44> e = e+ (2.9) 

The half of susy that is not broken by the boundary satisfies 

e+ = P+e+, e+ = e+P_, 7^e+ = e+, e+ = -e+7^ (2.10) 



®Our choice of coordinates x^ does not impose an Einstein gauge as it does not restrict ^*^(a;). It also 
does not imply that our boundary has to be flat, because it places no restrictions on (intrinsic or extrinsic) 
curvature. 

^Note that the gauge ea^ — Cm'^ = is opposite to the standard Kaluza-Klein choice |28|, eg™ = ea" — 0. 
It is the analog of the "time gauge" introduced by Schwinger pm for the Hamiltonian analysis of gravity. 
(For the Hamiltonian analysis of the Dirac action in a curved space it was used by Kibble ISOl, and for the 
Hamiltonian formulation of 4D A'^ = 1 supergravity it was used in pil]). In more mathematical terms, this 
gauge corresponds to the choice of a surface- compatible frame [B2|. Its usefulness in the setting of supergravity 
on a manifold with boundary was emphasized in mM . 



The other half, parametrized by e_, is broken by the boundary. It could, in principle, be 
restored by introducing appropriate Goldstone fields on the boundary, which would show 
that the breaking is spontaneous. However, in this article, we will only be interested in 
preserving the e+ susy. 

2.4 Modified e+ susy 



The gauge condition (2.7) is invariant under arbitrary ^"^ and A transformations, but not 
under A°^ and e+ ones. Only a particular combination of A''^ and e+ transformations survives 
in this gauge. We, therefore, introduce a modified e+ susy transformation. 



6'Q{e+) = 6Q{e+) + 6l{X[^ = -e+V-a-) 



(2.11) 



which satisfies 6Q{e+)em^ = 0. (We will use the notation 6'^ = (5q (£+).) It is this e+ susy 
transformation that we will use in the following constructions. 



2.5 The reduced gauge algebra 



We claim that the surviving gauge transformations, SEiS,"^), (5i(A ), and 6Q{e-^-), form a 
subalgebra of the 3D A^ = 1 supergravity gauge algebra that is isomorphic to the (standard) 
2D N = (1,0) supergravity gauge algebra. The non-trivial part of the proof concerns the 
commutator of two (modified) e+ susy transformations. We find 



AB\ 



[8'Q{e,+),6'Q{e2+)] = 6E{e') + '5l(A^^) + 6Q{e) + 5l{X, 



a3) 



(2.12) 



where 



4 - 2(62+7 ei+jCa , 4 



A 



ab 



e 



^nab - -'^a-lni'b- 



0, e 
, A 



-^rv'n + ^r^n- 



a'i 



e 



<jj. 



na3 



+ lser. 



The extra composite Lorentz transformation with 

A^s = -€2+5Q{ei+)ipa- -(1^2) 



(2.13) 



(2.14) 



arises because the compensating Lorentz transformation in ( 2.11| ) is field-dependent. We 
see immediately that the (composite) e_ vanishes identically (without imposing V'm- = 0), 
thanks to the contribution from the compensating Lorentz transformation. Using the results 
of the next section, one finds that E 



^a3 + ^a3 



-Ci^n+^a-, i^nab 



-i^a-lnA- = ^nab 



(2.15) 



*The extra terms in Xab and e arise from the terms {X'2)a^{\i)^f, and iA2''^7a3ei+ in (|2.2|) upon using the 



Fierz identities (e+ ?/>_)(<?!>_ r;+) = — i (£+7'^?)+ )((/>_ 7c V'-) and {e+ip- 



'{e+(p-)'4>- 



where tD^^j, is the standard supercovariant connection constructed out of Cm," and iprn+- This 
brings ( ^.12 ) to the form 



[5^(61+), 5^(62+)] = 5E{n + SLiXab = C^^J + ^'q^^+ = -^rV'n+) (2.16) 

which is the standard form of the 2D N = (1,0) (local) susy algebra. We emphasize that we 
have identified this subalgebra without imposing any boundary conditions on supergravity 
fields. Accordingly, this identification works for any hypersurface x^ = const parallel to the 
boundary dAi. 

3. Co-dimension one submultiplets 

Having proved that the 3D A^ = 1 supergravity gauge algebra reduces to the 2D A = (1,0) 
supergravity gauge algebra on the hypersurfaces parallel to the boundary, we are guaranteed 
that the 3D multiplets can be decomposed into a set of 2D submultiplets. In this section, we 
will describe these submultiplets for the 3D supergravity and the 3D scalar multiplets. 

3.1 3D supergravity multiplet 

The 3D supergravity multiplet, {eM^,ipM, S), enjoys the following susy transformations, 

,5,6^/ = e7^^Af , 6,iPM = 2DMe, 6,S = ^e-f^^'i^MN (3.1) 

where ipMN = Dm'4'n — DniIjm is the supercovariant gravitino field strength and 

1 - 1 

Dm^ = DM{^)e + --/MeS, Dm^^n = DM{u})tpN - jIn'^mS (3.2) 

The covariant derivatives Dm are only Lorentz covariant, so that 

DMil^)lpN = dulpN + J^MABl'^^i^N (3.3) 

and the supercovariant spin connection is given by 

^MAB = ^{e)MAB + KMAB, I^MAB = jH^mIA'^B - IpMlB^^A + i^AlMlpB) 

^{e)MAB = -{Cmab — Cmba — Cabm), Cmn = Omgn — Oncm (3.4) 

where we use the standard conversion of indices, i/ja = e^^V'M, etc. The supercovariant spin 
connection has the following susy transformation, 

Sei^MAB = -^eilB^MA - lA^MB - IM^Ab) - -^{^1 AB'>P m) S (3.5) 

Under a 3D Lorentz transformation, we have 

^xeu"^ = A^-^CAfs, 5x^M = tA^^tab^a/, hS = 0, 5xujmab = -D{uj)m^ab (3.6) 

These Lorentz transformations will play a role as the (modified) e+ susy transformation ( ^.llD 
involves a compensating Lorentz transformation. 



3.2 Co-dimension one split 

To identify co-dimension one submultiplets of the supergravity multiplet, we first split the 
indices, M = (m, 3), A = (a, 3), and the spinors, e = e+ + e_. The resulting component 
fields (and parameters) can be formally assigned parities (in a way consistent with the susy 
transformations) as follows, 



even: e^n" es'^ ujmab ^3^3 ^m+ V's- e+ 5^ ,^ ^. 

odd: 63" ern^ = U-iab W^a3 S tpm- ^Z+ £- = ^3 



(The vanishing of e^^ and e_ correspond to our Lorentz gauge choice ( |2.7D and the restriction 
( |2.9D on susy, respectively.) Co-dimension one multiplets will have definite parities as well. 

In general, the induced metric on the x'^ = const slices is gmn = ^rn^^na + ^m^e^g. With 
our choice of the Lorentz gauge, however, we have Qmn = ^m'^ena, so that em"' is the induced 
vielbein. One can also easily check that uj{e)mab coincides with the torsion-free spin connection 
constructed out of Cm"', whereas '^(e)ma3^»^" coincides, up to a convention-dependent sign, 
with the extrinsic curvature tensor ||l9|]. We fix the sign by defining^ 



Kmn = ^ie)ma3(^n'' (3.8) 

In our gauge, e^^ = Cq^ = 0, we have em°'ea^ = Sm"', e.a!^em = Sj' and 63^63"^ = 1, as well as 

7m = em''7a, 73 = e3"7a + 63^73, 7"" = 7''ea'" + 7^63"", 73=73g,3 

^a = ea^^m, V's = Cg'^V'm + e3^V3 (3.9) 

We will also use Kma = ^{^)madi ^^^ ^ba ~ ^b^Kma- Noting that S^^g is not supercovariant 
under the (modified) e+ susy, we define the supercovariant extrinsic curvature tensor as 

Kma = ^ma3 " ^tpm+tpa- (3.10) 

Using itmi^a = i>m+i>a- + 1pm-'^a+ and Ipmlz'^a = -f/'m+V'a- + i>m-i>a+, We find that 

1 — — — 

Kma = Kma + -^{ipmlalps " V'mV'a + V'aTmV's) (3-11) 

As the bosonic extrinsic curvature tensor is symmetric, K^b = Ki,a, the supercovariant ex- 
trinsic curvature tensor is symmetric as well, Kab = K{,a- 



®The extrinsic curvature is usually defined by Kmn = ^Pm'^ Pn^^ ktil where Pa/^ ~ Sm^^ — riMn^ 
and Vktil ~ Oktil ~ ^kl ns- In our gauge and with our choice of coordinates, um = (0,0,-63^) and 
Kmn = T^mn^ns — iFmn^es^. The vielbein postulate yields Tmn^es^ = —i^ma^e„°'. (See appendices in [ [ll[ 
and |19|] for more details and references.) Our sign choice is then Kmn = —Pai'^Pn^^k'til- 



3.3 Induced supergravity multiplet 

Under the (modified) e+ susy ( |2.11| ), the induced vielbein transforms as fohows, 

5',em'' = e+7"V'm+ (3.12) 

(The compensating Lorentz transformation does not contribute here as A'^^e^g vanishes in 
our gauge.) The variation of ■0m+ gives 

J^Vm+ = 2(5„ + ^2„,b7"')e+ + ^A^7"'V'm- (3.13) 

where A'- = —e^ipa-- Performing the fohowing decomposition, 

^mab = ^^ab + ^^^ab^ ^~mab = -^&m-la1pb- - ^m-lb^^a- + ^a-lm^^b-) 

^tiab = ^(e)mafe + l^tiab^ l^nab = 4(V'm+7a'0b+ " V'm+76V'a+ + V'a+7mV'fe+) (3.14) 

we observe that 2^^^ is the (standard) supercovariant spin connection for the 2D (induced) 
vielbein em"". Defining the 2D (Lorentz) covariant derivative as 

I?;,(D+)6 = a^e + ^2+„,7"'e (3.15) 

we arrive at 

5^Vm+ = 2D:„(D+)6+ + ^^.-^,7'^^+ + ^A^7'^'V'm- (3.16) 

We claim that the last two terms cancel each other. To prove this, we first observe that the 
antisymmetrization in any three 2D vector indices gives zero, [abc\ = 0, which yields 

'^mab = l^a-lmi^b- (3.17) 

Second, the identity 7°'' = £"^^73 accounts for a useful trick, 

7'^^e+(^,_7^Vfe-) = -e+(^,_7^7'^Vfe-) (3.18) 

Finally, gamma-matrix algebra reduces the last term to 2e+{xp^__^"'ipm-) and the Fierz trans- 
formation gives 

-f^'e+ilp,_-f^^b_) = -27Vm-(e+V'a-) (3.19) 

which proves our statement and gives us the final result, 

(3.20) 



d'.em" = e+j''iprn+, Ki^m+ = 2D'^{Q+)e+ 



This shows that {em"',^m+) is the (standard) 2D A^ = (1,0) supergravity multiplet. 



3.4 Radion multiplet 

In order to identify further submultiplets, we recall the basics of the 2d A^ = (1, 0) supergravity 
tensor calculus |2^. Besides the supergravity multiplet we have just identified, there are 
two other basic multiplets, the scalar multiplet ^2{A) = {A,(-) and the spinor multiplet 
^2(C+) = (C+!-^)- They transform by definition as follows, 






(3.21) 



where D'^^A = daA— ^V'a+X- and D'^C+ = -Da(^^)C+ ~ ^P'ipa+ are supercovariant derivatives. 
With these definitions, we now claim that 



$2(63^) = (e3^ -ea^V'a-) 



(3.22) 



is a good 2D A^ = (1, 0) scalar multiplet which we will call the radion multiplet. ^'^ First of all, 
we observe that 63^ is indeed a scalar under the ^"^ and A'^'' transformations. The non-trivial 
part in this statement is that in 

S^es^ = Cdnez^ + eJd^C (3-23) 

the last term vanishes in our gauge. Next, we apply the (modified) e+ susy to 63'^ and find 

6',e^ = €+7^3 + A'3'^e3a = £+(-^^3- + e3>a-) = £+(-63^3-) (3-24) 

which identifies the superpartner of 63^ as C- = — es^V'g-- To check that the variation of C- 
has the correct form is a bit more involved. The details will be presented in [12|. The key 
intermediate statement is 



^>, 



e'f'S- 



e-^^5^M + V'M<5e3*^ 



7 e+ 



3a3 2^3+^«- 



I^Q„Q 



Next, in our gauge, it is easy to prove that 



l,- 



bJ 



3a3 



63 aae33 + -('03_^Va- " ^%-^a+) 



(3.25) 



(3.26) 



Finally, the contribution V'A-'^fis^ vanishes thanks to the identity (e+V-)V'- = 0- Collecting 



the pieces, we find that 5C_ has the required form, which proves that ( 3.22| ) is a good 2D 
A^ = (1,0) scalar multiplet. 



The term "radion" refers to a field parametrizing the radius of the extra dimension |33|. In our case, 
proper distances in the 3? direction must be measured with (733 — 63"^ 633 + 63^630, which is not given by 63"^ 
alone. Nonetheless, we will call "I>(e3'^) the radion multiplet. 



10 



3.5 Extrinsic curvature multiplet 

So far, we have found two even submultiplets, the induced supergravity and the radion 
multiplets. Now we will present an important odd submultiplet, the extrinsic curvature 
(scalar) multiplet. The starting point is the (modified) e+ susy transformation of ^m-j 



Ki^'. 



1 



1 



eV^m- 



Observing that S'^Ca^ 



(e+7^'0a+)eb'^, we find, after some Fierzing, 



S'.^a- 



7^+ 



Kab + ^VabS 



(3.27) 



(3.28) 



where Kab is the (symmetric) supercovariant extrinsic curvature tensor defined in ( p.lOl ). 
Contracting this expression with 7", we find 

diir^a-) = {K + S)e+ (3.29) 

where K = rj Kab is the (supercovariant) extrinsic curvature scalar. Noting that 7"V'a- 
behaves as C+i we claim that 



^2(7>a-) = (7>a-, K + S) 



is a good 2D A^ = (1,0) spinor multiplet. The proof consists in demonstrating that 
S^K + S) = e+7"^;(S+)[7''V'6-] -1{K + 5)(e+7>a+) 



(3.30) 



(3.31) 



The details of the proof will be presented in |12], where we will also discuss an extrinsic 
curvature tensor multiplet as well as a submultiplet that starts with 63". 

3.6 Submultiplets of the 3D scalar multiplet 

In 3D A^ = 1 supergravity, there is only one type of matter multiplet, the scalar multiplet 
$3(A) = {A,x,F). (Other multiplets can be constructed by adding extra Lorentz indices.) 
The susy transformations of this multiplet are 



SeA = ex, 



M , 



.M ' 



1 



SeX = r' eDMA + Fe, S^F = e^'' DmX - jSex 



(3.32) 



where Dm A = dMA—-^ipj^jx ^-nd DmX = Dm{'jj)x~^7^'4^mD]\[A—^FiPm are supercovariant 
derivatives. Under the (modified) e+ susy, this 3D multiplet splits into the following two 2D 
iV = (1,0) submultiplets,^^ 



^2{A) = {A, x~), ^2{X+) = {X+, 



F + 53A-iVa-7"X-) 



(3.33) 



^^We note that our co-dimension one multiplets contain terms of the type "odd ■ odd" that are set to zero 
in the approach of fcCJ, UW. For example, let us take F to be even, so that x+ is even and X- is odd. The 
multiplet ^2(x+) is then even and contains an explicit product of odd fields, tp^_'y°'x-- Such a product is also 
present in the radion multiplet (3.22) via the term e^'^ipa- inside (^_ = —es'^ips^- For dimensions higher than 
3D, such products also appear in the induced supergravity multiplet |13]. 
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The proof consists in showing that 



5',x+ = F2e+, F2^F + D^A- -Va-7"X- 



6',F2 = e+7"^'(2+)aX+ - -{e+ri^a+)F2 



(3.34) 



where D'^A = ea^{dmA — ^V'm+X-) ^"^^ -^3^ ~ (^%^^ {QmA — ^VAfX)- The proof is straight- 
forward, except for the 5'^F2 part that we will discuss in [p!2[. 



3.7 Separately susy boundary actions 



In the 2D N = (1,0) supergravity tensor calculus |25], susy actions are constructed from 
spinor multiplets ^2(C+) = {C+^F) with the help of the following F-density formula. 



Cf 



^2(C4 



£2 



1- 

—1 



F+^^a+l^'C^ 



(3.35) 



where 62 = dete^"- In our case, this formula can be directly applied to constructing (sepa- 
rately) susy invariant boundary actions. Indeed, under the (modified) e+ susy, we have 



6',Cf ^2(C+) 



<9„ 



e2(e+7''C+)ea 



and the total dm derivative integrates to zero on the boundary. Therefore, 



d xe2 



dM 



F + i^,+7"C+ 



(3.36) 



(3.37) 



is a (separately) susy boundary action for a general spinor multiplet *2(C+) = iC+jF). For 
example, we can apply this formula to the extrinsic curvature multiplet (|3.3C1| ) to obtain 



d xe2 



dM 



K + 5+-V,+7VV'6- 



(3.38) 



which is (separately) supersymmetric under the (modified) e+ susy (|2.1lD . 



4. Susy bulk-plus-boundary actions 

In this section, we will find an extension of the 3D i^-density formula that makes it very easy 
to construct susy bulk-plus-boundary actions. We will then show how this formula can be 
written in terms of co-dimension one submultiplets. Finally, we will use it to supersymmetrize 
the York-Gibbons-Hawking construction. 
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4.1 The "F + ^" formula 



In the 3D A^ = 1 supergravity tensor calculus |24], susy actions are constructed from scalar 
multiplets ^3{A) = {A,x,F) using the following F-density formula, 



Cf 



MA) 



63 



F + l^Ml'^'x + ^^V'mt'^'^^tv + AS 



(4.1) 



where 63 = detcAf • Under 3D susy, this density transforms into a total 3D derivative, 



S^Cp 



<^3{A) 



d 



M 



e,(ej^X + An''''^M 



(4.2) 



In the presence of a boundary, the bulk F-density does not give rise to a separately susy bulk 
action because the total derivative yields a boundary term. 



(fixS^Cp 



M 



MA) 



dM 



d^xe2[eYx + AeY''i'a 



We used that, in our gauge, Ca^ = and 6363^ = €2- Noting that Cp ^ziA) 



scalar, the (modified) e+ susy transformation ( 2.11 ) gives 



(4.3) 



is a Lorentz 



/ 

JM 



(Fx5,Cf 



$3(^) 



dM 



(fxe2 ( e+x- + ^e+7°V'a^ 



(4.4) 



Noting that 6'^A = e+X- and 6[e2 = e2{e+'y'^'ipa+), we can construct a boundary action whose 
variation cancels ([4.4|). The following bulk-plus-boundary action. 



Sp+A 



d-^xCp 



M 



MA) 



d xe2A 



dM 



(4.5) 



is invariant under the (modified) e+ susy. We call this the "-F -|- A" formula. ^^ 
4.2 Extended F-density 



As we will demonstrate explicitly in |12|, the boundary j4-term can also be written as a bulk 
contribution thanks to the following relation, 



- / d^xe2A = I d^xesid^A + KA) 

JdM Jm 

This allows us to define an extended F-density 



C'piM^)] = Cp[MA)] + esid^A + KA) 



(4.6) 



(4.7) 



^^ The "F + A" formula (4.5) has a natural extension to the case when the Lorentz gauge (2.7) is not imposed 
||l2|. We only have to replace 62 ~ det(em'') with the determinant of the induced vielbein e'2 = det(ej„'') which 
satisfies e'm"'e'„a = e„i°e„a + em^e^j. The resulting bulk-plus-boundary action is susy under the half of bulk 
susy defined by 7^e+ = ^/g^€+. Note that this makes the susy parameter e+ field-dependent which makes 
the analysis of the gauge algebra more subtle [[L2[ . 
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whose integral over the bulk A4 reproduces the bulk-plus-boundary "F -|- A" formula (4.5). 
Under the (modified) e_(. susy, this extended 3D F-density behaves like the ordinary 2D F- 
density (that is, it varies into a total dm derivative). Therefore, we expect that it should be 
possible to rewrite it as a 2D F-density of some 2D N = (1,0) spinor multiplet,^^ 



This is indeed possible, and we find |l^ 



^2(C+) = ^2(63^) X *2(X+) + ^2(7''V'a-) X ^2{A) 



(4.8) 



(4.9) 



where <1>2(^) and ^2(x+) ^^^ the submultiplets ( p. 33 ) of the 3D scalar multiplet ^^{A), 
whereas <i'2(e3^) and ^2(7'^V'a-) are the radion and the extrinsic curvature multiplets, re- 
spectively. To derive this result, one needs the multiplication formula 



(A C-) X (C+, F) = (AC+, AF-C.C+) 
which is part of the 2D A^ = (1, 0) tensor calculus 



(4.10) 



4.3 Super- York-Gibbons-Hawking construction 

The ^^F+A" formula (14. 51) can be applied, in particular, to the 3D scalar curvature multiplet, ^^ 



MS) 



^' 2^ 



MN 



IpMN 



1 



1 



1—M 



1 



-M 



^T^Vm'S', ^R{u)) - ^^'"T^VAfAf + ^S%I)'"^M - -^S"^ 



We immediately obtain the following bulk-plus-boundary action. 



SsG 



d xe-i 



M 



^^R{Q) + -^|;Ml^'''''D{Q)r,i^K + ^S' 



d xe2S 



dM 



(4.11) 



(4.12) 



which is, by construction, invariant under the (modified) e+ susy (without using any boundary 
conditions). However, when one tries to apply the variational principle to this action, one 
runs into a problem because the bulk auxiliary field S appears linearly on the boundary. (Its 
field equation would require 62 to vanish, which is too strong.) This can be cured by adding a 



In the superfield language, this corresponds to giving a prescription for writing 3D locally susy actions in 
terms of 2D superfields. For rigid susy, similar constructions are known in various dimensions W%- For the 
linearized 5D supergravity, the description in terms of 4D superfields was given in pm . For the full non-linear 
5D supergravity, such a construction would require M, vA going beyond the orbifold supergravity tensor 
calculus of [ po| , ElJ where odd supergravity submultiplets (like our extrinsic curvature multiplet (3.30)) and 
"odd-odd" terms in even multiplets are discarded. 



In our conventions, R{u)) — es ca R{uj)mn^ 
and il)MN = Dm{i^)^n - DN{<^)iiM- 



with R{u}) 



d. 



mQn +Qai'^Qnc - (M ^ N), 
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separately susy boundary action that removes the term hnear in S. We add the action given 
in ( p.38 ). The resulting improved bulk-plus-boundary supergravity action reads^^ 



Qimpr 



d xes 



1- 



MNK 



D{Q)n^k + -^S' 



d'xe2[K + -^l:,_,rri^b~ 



(4.13) 



M 

+ 

JdM ^ 

where K = e^^-Kma with Kma = ^rna% ~ iV'm+V'a- which is the (symmetric) supercovariant 
extrinsic curvature tensor. The boundary term, which is obviously a susy generalization of 
the York-Gibbons-Hawking term [Eq], can also be written as follows 



dM 



d2xe2(i^ + ^V',+7"V 



(4.14) 



where K = e^^-Kma with i^„ 



w, 



ma3 



which is neither symmetric nor supercovariant under 



the (modified) e+ susy. The Euler-Lagrange variation of the improved supergravity action 
gives rise to the following boundary term, 



d xe2 



dM 



(5e""(i^„ 



,K) + ^V'^+t'^V, 



'b-ea 



(4.15) 



Therefore, removing the term linear in S in the boundary action of (4.12) by adding a sepa- 
rately susy boundary action ( ^.38| ) has improved the variational principle it two ways. First, 
the unacceptable boundary condition 62 = is avoided. Second, the boundary part of the 
Euler-Lagrange variation (known also as "the boundary field equation") is now in the ^^p5q" 
form (by analogy with the Hamiltonian formulation). This allows one to derive "natural" 
boundary conditions (for on-shell fields) by requiring that the boundary variation vanishes 
for arbitrary 6q [E^]. In our case, the role of "(7" is played by the induced supergravity 



multiplet (e^",'0m+) of (PH ). 



It is very important for extending our construction to higher dimensions (where the full 
set of auxiliary fields is not always known or does not exist) that it is possible to eliminate the 
auxiliary field S by its equation of motion S = while preserving susy of the action without 
the use of any boundary conditions. This indicates, for example, that even though there is no 



(off-shell) tensor calculus for IID supergravity, the construction of Moss [18| can, perhaps, 
be improved so that susy of the IID Horava-Witten action on the manifold with boundary 
does not require any boundary conditions on fields. 



^^The boundary term of the improved supergravity action (4.13) has the same form as the one found by 
Moss jl|]. (Note that 2lp^^-f''^''ipb- 
"adaptive coordinate system Ej^j — 5ni, 



ipal'^l i^b-) However, there are essential differences. Moss uses an 



which in our case would mean e™, = and 63 = 1. Moreover, his 
expression for the supercovariant extrinsic curvature involves ^n (our ips) and, therefore, could be equivalent 
to our (3.11), which involves i/^g, only if, in addition, 63" = 0. Finally, in the approach of Moss, susy of 
the bulk-plus-boundary action is claimed only using the ipm- = boundary condition. Our tensor calculus 
approach, on the other hand, leads to bulk-plus-boundary actions that are susy without using any boundary 
conditions. 
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It is also instructive to find an alternative form of our bulk-plus-boundary action ( 4.13 ) 
by separating the fermionic bilinear parts in Qmab and K. Setting S* = 0, we obtain [|l2| 

^~ ..ab„ 



SsG = d xes 
IM 



+ d^xes A' + -V^„+7"V6~ (4.16) 

JdM V 2 / 

where K is the standard bosonic extrinsic curvature term. In this form, ignoring the 4-fermi 
terms, the 3D bulk-plus-boundary action for supergravity was first found by Luckock and 
Moss in |37].^^ We have determined all 4-fermi terms in the bulk and boundary actions. We 



found 4-fermi terms in the bulk action which agree with the literature of supergravity, but 
no 4-fermi terms on the boundary. So, the 2-fermi terms of [37| give already the complete 



boundary action. The new result of our construction is that the same boundary action is 
sufficient for "susy without BC" of the total bulk-plus-boundary action. 

5. Summary and Conclusions 

In this article, we have studied the issue of constructing locally susy bulk-plus-boundary 
actions in the simple setting of 3D A^ = 1 supergravity. We demonstrated that the tensor 
calculus for 3D A^ = 1 supergravity can be naturally extended to take boundaries into account. 
For a 3D scalar multiplet {A,x,F), our "F -|- A" formula ( |4.5| ) gives a bulk-plus-boundary 
action 



Sf+a = / d-^xe-i 
IM 



F + ... 



d^xe2A (5.1) 

dM 



which is "susy without BC" (its susy variation vanishes without the need to impose any BC 
on fields) under the half of bulk susy parametrized by e+ (satisfying 7^e+ = e+ when the 
Lorentz gauge ( p.7| ) is imposed). Quite remarkably, this simple extension of the standard F- 
density formula works in 4D A^ = 1 sugra as well (where the D-density can also be similarly 
extended) ^. 

The "-F -|- A" (extended F-density) formula can be applied to a variety of models. As an 
illustration, we applied it to the 3D A^ = 1 scalar curvature multiplet. The resulting bulk- 
plus-boundary action ( [4.12| ) has the standard 3D A^ = 1 sugra in the bulk and just the term 
625* on the boundary. It is "susy without BC" by construction, but the field equation for the 
bulk auxiliary field S gives not only S* = in the bulk but also 62 = on the boundary, which 
is unacceptable. To resolve this problem while maintaining the "susy without BC" property, 
we looked for an additional separately susy boundary action containing the same term 625". 



The simplest such action is (3.38). Adding it to the minimal bulk-plus-boundary action given 



by the "F -|- A" formula, we find that the S'-term gets replaced by the York-Gibbons-Hawking 



^^In 5D, the analog of this action was found in [h9| and its "susy without BC" was estabhshed up to the 
4-fernii terms and terms involving the 5D graviphoton. 
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extrinsic curvature term K together with the gravitino bihnear il;^^^°'''ipb-. Neither the bulk 
nor the boundary action is separately susy, but their sum is and it is "susy without BC." 

In order to construct separately susy boundary actions systematically, we have developed 
a co-dimension one decomposition of bulk supermultiplets. We found that the 3D A^ = 1 
sugra multiplet {eM^^i^M^S) decomposes into several 2D A^ = (1,0) multiplets: the induced 
sugra multiplet (cm", V'm+)) the radion multiplet (es^, — V's- + ea^'V'a-) and an "off-diagonal 
multiplet" (esa,— es^Va- + 7aV'3+) I0' (The other off-diagonal component of the vielbein, 
Cm^, vanishes in our Lorentz gauge (|2.7| ).) With the parity assignments given in (|3.7| ), the first 
two multiplets are "even" and the last one is "odd." The 3D A^ = 1 scalar multiplet {A, x, F) 
allows a similar decomposition; see (|3.33 ). Explicit verification that these submultiplets 



transform as standard 2D N = (1,0) supermultiplets is tedious ||l^, but our analysis of the 
gauge algebra guarantees that the co-dimension one decomposition does work and does not 
require any (boundary) conditions on fields. 

In the superspace formulation, one can act on superfields with superspace covariant 
derivatives to construct new superfields. In the tensor calculus, the new multiplets can be 
constructed simply by choosing an appropriate lowest component. For example, starting 
with 7"^(j„, we obtain our extrinsic curvature (scalar) multiplet ( |3.30D . Starting with il^a--, 
we similarly obtain an extrinsic curvature tensor multiplet ||1^ . The multiplets obtained in 
this way can, together with any number of independent boundary matter multiplets, be used 
to construct separately susy boundary actions using the standard 2D N = (1,0) F-density 
formula ( 3.35| ). In conjunction with our "F + A" formula, this gives the most general bulk- 



plus-boundary actions that are "susy without BC." However, requiring that the variational 
principle yields field equations that are not too strong restricts the choice of boundary actions 
that one can allow |12]. 



We should note that the Lorentz gauge ( |2.7D that we used in this work allows a tremendous 
simplification of the algebra. At the same time, our results can be extended to the case when 
no Lorentz gauge is imposed (see e.g. footnote 12) |12|. We also note that our tensor calculus 



approach relies heavily on the off- shell supergravity formulation (with auxiliary fields). Such 
a formulation is not always available in higher dimensions. Nonetheless, a concrete higher 
dimensional model (such as the IID Horava-Witten construction) has still a chance to be 



"susy without BC" as we discussed in section 4.2 



Our program of "susy without BC" can and should be extended to (a) dimensions higher 
than three, (b) the superspace formulation, (c) superconformal symmetries and superconfor- 
mal actions, (d) BRST symmetry. Some progress in these directions has already been achieved 
[^]. Ultimately, this would allow to have complete control over the models discussed in the 
Introduction as well as other models where symmetries and boundaries collide. 
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